Driving a conventional superconductor with an appropriately tuned classical electromagnetic field can lead to an enhancement of superconductivity via a redistribution of the quasiparticles into a more favorable non-equilibrium distribution -a phenomenon known as the Eliashberg effect. Here we theoretically consider coupling a two-dimensional superconducting film to the quantized electromagnetic modes of a microwave resonator cavity. Within the weak cavity-coupling regime, we compute the rate of Bogoliubov quasiparticle pair creation (annihilation) through photon absorption (emission) processes. Both a clean and disordered superconductor are considered. Using a kinetic equation in the presence of inelastic relaxation processes, we compute the non-thermal distribution of Bogoliubov excitations. It is shown that the photons serve to preferentially cool the quasiparticles residing near the gap edge, leading to an enhancement of the BCS gap. To conclude, we comment on the strong cavity-coupling regime, where formation of Bogoliubov-polaritons due to hybridization between photons and pairs of Bogoliubov quasiparticles may be possible.
It has been known since the late 1960's that subjecting a superconductor to strong microwave radiation can lead to an enhancement of superconductivity [1, 2] . The explanation of this was first provided by Eliashberg et. al. [3, 4] , who showed that the irradiation yields a nonthermal distribution of the Bogoliubov excitations with an effectively colder band edge. The degree of enhancement can then be obtained by using standard BCS theory with a non-thermal quasiparticle distribution function. In the subsequent decades, Eliashberg's theoretical explanation for this effect has been extended and applied to a variety of other systems [5] [6] [7] [8] [9] .
In recent years, there has been a renewed interest in non-equilibrium superconductivity, motivated in-part by a number of "pump-probe" experiments which have found that materials subjected to intense THz pulses exhibit transient superconducting properties up to very high sample temperatures [10] [11] [12] . Understanding these transient states has led to a variety of theoretical models which go beyond the quasiparticle redistribution effect [13] [14] [15] [16] [17] [18] .
All of these systems concern the interaction between quantum matter and a classical external field. Particularly interesting and novel however, is the effect that a fluctuating quantum gauge field has on quantum matter. Indeed, it has been a long-standing focus in the field of cavity-quantum-electrodynamics to realize the dynamical quantum nature of the electromagnetic field through the use of resonant electromagnetic cavities [19] [20] [21] [22] [23] . Recently there have been many advances in this area including the realization of exciton-polariton condensates [24, 25] , states formed from hybridizing cavity photons and semiconductor excitons.
This paper extends some of these concepts to superconducting systems with an eye on cavity-induced Eliashberg-type enhancement of superconductivity. The central observation is that even in a non-equilibrium Here τimp and τin are the impurity and inelastic scattering times, α is the fine structure constant, and X is a factor describing the strengthening of the matter-light coupling due to e.g. mode confinement [26] . Curves are labeled by the ratio of the photon temperature Tcav to the bath temperature Tqp. The peak enhancement occurs at frequencies just above the pair-breaking energy 2∆, where the product of quasiparticle and photon spectral weights is maximized. (b) Diagram of the components and interactions of the system, BQPs coupled to cavity photons at temperature Tcav and to phonons at Tqp. The rates of interactions and of photons leaving the cavity are also indicated. (c) Schematic picture of the system used for calculation, a microwave cavity with the 2D superconductor in the middle of the cavity. steady-state the BCS self-consistency equation can still be solved for a non-thermal quasiparticle distribution function, n p . The general distribution function n p enters into the gap equation as
and therefore its solution -the BCS superconducting gap ∆ -is a functional of the distribution ∆[n] as well as a arXiv:1805.01482v2 [cond-mat.supr-con] 3 Aug 2018 function of the BCS coupling constant g. Of particular interest are cases where the gap exceeds its equilibrium thermal value (determined by the phonon temperature), δ∆ = ∆[n] − ∆[n F ] > 0. In the conventional Eliashberg effect, this is achieved via irradiation by classical microwaves with the frequency smaller than 2∆[n F ], such that no new quasiparticles are created, but thermal ones are promoted up to higher energies where their debilitating effect is less important due to the reduced relative density of states. In this paper, we consider a superconductor placed in a microwave cavity -see Fig. 1 and focus on processes where pairs of thermal Bogoliubov quasiparticles are converted into cavity photons that subsequently leave the lossy cavity. If the cavity photons are at a lower effective temperature than the quasiparticles then this leads to an effective cavity-induced cooling into a steady state distribution n p with enhanced superconductivity. Figure 1 illustrates the enhancement of the gap δ∆ as a function of the cavity frequency ω 0 . The rest of the paper is devoted to deriving this result. For our model we consider a standard BCS superconductor in a microwave cavity with conducting plates at z = 0, L of area A L 2 . The superconductor is described by the BCS action (setting = k B = 1 and using Gaussian units)
where D = ∇ + i e c A is the covariant derivative reflecting minimal coupling of the electrons to the gauge field. We have also assumed that there is no free charge and that the Coulomb interaction has been screened out so that there is no scalar gauge potential. Additionally, we use the London (radiation) gauge ∇ · A = 0. The mean-field action for Bogoliubov quasiparticle (BQP) excitations in the superconductor is obtained by performing the Bogoliubov rotation
from the electronic fields ψ k,σ to the quasiparticle fields γ k,σ which describe excitations of positive energy E k = ξ 2 k + ∆ 2 . The above action must then be supplemented by an action for the cavity photons. This will be expanded upon later, though we briefly outline the basics here. In the model cavity, finite-size quantization of the photon in the transverse z direction leads to a dispersion relation for the planar momentum q of
where n = 1, 2, 3, ... indexes the harmonic of the confined mode. For simplicity, we will only consider the fundamental n = 1 harmonic and place the superconducting sample at the z = L/2 antinode where the coupling to the field is strongest as depicted in Fig. 1 . The interaction between photons and BQPs is obtained from the minimal coupling terms in Eq. (2). The leading order process in perturbation theory then occurs through the coupling of the vector potential to the Bogoliubov rotated electronic current, given by
Condensate Condensate
In the BQP basis, as written here, we see there are three types of terms in the current corresponding to scattering, recombination, and pair breaking processes when coupled to photons, as shown schematically in Fig. 2 .
In the classical Eliashberg effect it is typically the scattering terms which produce the observed effect; in this work we will instead focus on the latter two. One might worry that in our scheme the scattering terms will lead to an enhanced relaxation of excited quasiparticles down to the band edge, thereby canceling the depletion of BQPs there due to recombination. However, given that the photon is tuned to have a spectral gap of ω 0 ∼ 2∆, these down-scattering processes will only enter resonance once the initial quasiparticle energy reaches E ∼ ∆+ω 0 ∼ 3∆. Provided the BQP distribution is near thermality, a combination of exponentially fewer (of order e −2∆/T ) initially occupied excited states and increased Pauli blocking of the final lower states should then suppress these processes relative to the recombination process. We therefore focus on the recombination effects which are instead enhanced by near-thermal occupations of the fermionic states.
In order to obtain the modification of the distribution function we solve a kinetic equation. In the case of a homogeneous and isotropic system with no external forces this reads
where we have employed the relaxation (1/τ ) approximation to describe the inelastic coupling to e.g. a phonon bath at temperature T qp . In the steady-state the lefthand side of Eq. (6) is 0 and the resulting distribution function can be obtained from balancing the two collisional processes. To first order, the correction to the distribution function n = n F + δn due to the cavity collision integral is just δn = τ in I cav [n F ]. It is worth emphasizing that in this model, the non-equilibrium nature arises from the non-trivial competition between two different (thermal) reservoirs.
In the case where a ballistic quasiparticle description works, the fermionic collision integral describing cavityphoton induced recombination/pair-breaking is (7) where N (ω) is the photon occupation function and W k,−k is the transition rate per unit momentum space.
The function W k,−k describes the rate at which the photons induce transitions between the BQP vacuum |0 and a state with a BQP Kramers pair |k, −k . By application of Fermi's Golden rule
where j q is the momentum-space electronic current operator,ˆ α,q are the polarization vectors of the photon with the given quantum numbers at z = L/2, and
is the momentum-resolved photonic spectral function, which for specificity is provided in the parallel-plate geometry with homogeneous broadening 1 τcav due to singlephoton loss.
Evaluating this matrix element for our specific model yields a transition rate per unit momentum space of
where θ is the angle between the total momentum p cm = k − k = 2mv cm and the relative momentum p rel = 1 2 (k + k ) = 1 2 mv rel . Here α = e 2 /c is the fine-structure constant. The coherence factor
arises from the Bogoliubov rotation as the coefficient of the recombination and pair breaking terms γγ,γγ, and is a function only of the participating quasiparticle energies. So far we have considered a clean system. However, given that we are considering a quasi-two-dimensional sample, the presence of impurities is both inevitable and significant. In the clean limit, the recombination process is suppressed by conservation of momentum. Specifically, uv − u v vanishes as the momentum transfer q goes to zero, restricting the rate at small q. On the other hand, at large q the process becomes suppressed by the photon dispersion relation, which goes as ω ∼ c|q| + ... and quickly leaves resonance. This suppression is, however, absent in a disordered system. The effect of disorder can be simply included by noting that short range elastic scattering due to impurities weakens conservation of momentum to simply conservation of energy in the matrix element, effectively decoupling the directions of the incoming and outgoing momenta. Due to the rotational invariance of the system this effect can be included by averaging k and k over the Fermi surface in Eq. (7) and dropping the delta function which conserves momentum in the current matrix element in Eq. (8) . To compensate for the dimensionality of the delta function, a phase space factor needs to be included in front of the collision integral -the exact value of this prefactor can be obtained via e.g. the solution of the Usadel equation [27] or the Keldysh non-linear sigma model [9, 28, 29] , which describes the quasiclassical collective modes of the strongly disordered superconductor, as described in the supplement.
This produces a collision integral which now is a function only of the fermionic energies. We present here the linearized correction to the distribution function δn = n−n F due to the photon-induced recombination of quasiparticles, which is given by the formula
Here τ imp and τ in are respectively the impurity and the inelastic scattering times and J(ω) characterizes the coupling to the cavity. It is defined by
such that cJ(ω) is the effective coupling strength at photon energy ω.
For simplicity we calculate the correction to the distribution function Eq. 
The dominant effect of the coupling to cavity photons on the distribution function is a depletion of quasiparticles near the gap edge through the recombination process described above.
for a planar cavity in its lowest confined mode, modified by a phenomenological enhancement factor 1/X, such that J(ω) = J planar (ω)/X. An inherent obstacle to cavity photon physics is the weak coupling of photons to matter leading to a small prefactor. This is in principle a problem for all proposals which envision interaction of undriven cavity photons with matter [26, 30] . However, there has been much work on effectively enhancing the coupling between cavity photons and materials within the cavity in order push the system into the strong coupling regime [31] [32] [33] [34] . Ideally, such an enhancement of the coupling strength should be captured by an in-depth modeling of the engineered cavity and resulting photon modes. This is, however, beyond the scope of this work, and so to avoid unnecessary complication we have used a straightforward model of the cavity and included the phenomenological factor 1/ √ X into our effective coupling constant to describe the effective squeezing of mode volume [26] .
The first order change in the distribution function is presented in Fig. 3 . In obtaining these results we have taken the photons to be in a thermal distribution at temperature T cav < T qp , but there is considerable freedom in the choice of N (ω) which might be employed to tune the effect. As expected, coupling to the cavity photons leads to a depopulation of BQPs near the gap edge, effectively cooling the low-energy spectrum by removing incoherent excitations. Including the correction to the distribution function the gap equation can be written
where ν is the density of states at the Fermi surface. Self-consistent solution of the gap equation shows an enhancement of the gap, plotted versus detuning in Fig. 1 .
Notably the enhancement is most pronounced when the cavity energy is just above resonance with the recombination energy; the product of the quasiparticle and the cavity photon spectral weights is greater for frequencies above the naive resonance due to the quasiparticle density of states being asymmetric and identically zero below the gap. In summary, we have shown that that a superconducting thin film placed in a microwave cavity near resonance with the BCS recombination energy 2∆ can experience an enhancement of the superconducting gap ∆ due to the coupling to cavity photons. An estimate of the required cavity size is obtained by matching the BCS and photonic spectral resonances. For a BCS gap of order ∆ = 10 K we find a corresponding planar separation of about L = 4 × 10 −4 m, suggesting that the proposed effect can be realized in a reasonable microwave resonator. As a proof of principle we have employed a simple two temperature model for the fermionic and photonic systems, but the approach employed here is valid for an arbitrary photonic density matrix. The engineering of more sophisticated photonic distributions provides a path toward even more exciting realizations of the effect proposed in this work.
In obtaining our result we have always worked to leading order in perturbation theory in the coupling to the electromagnetic field, and neglected corrections to the superconducting state beyond suppression of the BQP occupation function. Though the effect predicted at these orders is small, there is reason to believe that the actual observed effect will be larger than that predicted by this simple model [26, 32, 34] , and with optimal values of the relevant parameters there may be enhancements of the BCS gap of order a few percent. The authors expect that a number of methods can be used to improve on the naive gap enhancements illustrated in this system. These include more elaborate microwave resonators with stronger coupling strengths (partially reflected in our phenomenological parameter X), using meta-materials to engineer the photon dispersion (to e.g. reduce the group velocity), and using two-photon optical Raman processes (e.g. by inter-band transitions). Optical processes also confer the additional benefit of having more efficient cooling schemes available as compared to microwave systems.
Finally, let us briefly consider the effects of a high cavity-cooperativity. Qualitatively, we can understand the mechanism outlined in this letter as using the cavity to enhance the rate of BQP pair recombination at the gap-edge via the Purcell effect [19] . If we re-express the BCS action in Eq. 2 in terms of Anderson pseudospins [35] , then the paramagnetic coupling to cavity photons includes the pair-breaking and recombination terms
where g is a coupling constant and S − k,k = γ −k ,− γ k,+ is the Anderson pseudo-spin operator which annihilates a BQP pair into the condensate. At large cooperativities, characterized by both strong coupling and lowloss cavities, we expect novel coherent phenomena to emerge. In this regime, the photon and sample subsystems will quickly thermalize with each other, precluding a description in terms of intrinsic non-equilibrium kinetic effects. Instead, we expect that the strong coupling and long coherence time will lead to the formation of coherent hybridized excitations. These excitations, which we refer to as Bogoliubov-polaritons, would consist of quantum superpositions of pseudo-spin and photonic excitations with wavefunctions schematically resembling
|vac . Indeed, a similar idea was already discussed in Ref. 21 , there within the specific context of realizing a Dicke super-radiance transition. Uncovering the properties of these Bogoliubovpolaritons and how they effect superconductivity is an interesting possible extension of this work. It is certainly plausible that superconductivity may be enhanced by the formation of these polaritons, similarly as to what is proposed in Refs. 21, 26, and 30. Another interesting avenue would be to study how, if at all, the Anderson-Higgs mechanism is modified by these coherent quantum effects.
Keldysh Non-Linear Sigma model
In order to derive the correction to the quasiparticle distribution functions in the presence of disorder, we employ the Keldysh nonlinear σ model (KNLσM) as derived by Feigelman et al. [28] .
Schematic derivation of the model
We first briefly outline the derivation of the Keldysh nonlinear sigma model before describing the calculations performed in our work. For more details on the KLNσM we refer the reader to Feigelman et al. [28] or Kamenev [29] .
The derivation of the sigma model begins with a minimally coupled BCS action on the Keldysh contour in the presence of a random impurity potential
withˆ being the quasielectron energy, µ the chemical potental, ν the density of states at the Fermi surface, λ the BCS coupling strength, V imp is the impurity potential. C denotes integration over the Keldysh contour. One now averages over gaussian disorder which induces and effective disorder interaction in the usual manner
The bilinearsψ(t)ψ(t) describe rapidly varying modes on the length scales of the impurities. However, the bilinears ψ(t)ψ(t ) describe slowly varying degrees of freedom. Therefore a Hubbard-Stratonovich field Q dual toψ(t)ψ(t ) is introduced to decouple the disorder interaction. The BCS interaction is also decoupled via the Hubbard-Stratonovich field ∆ in the usual fashion. Coupling to the A-field is handled via the paramagnetic coupling j · A ≈ e c v F · A. At this point one performs the Larkin-Ovchinnikov rotation and integrates out the fermions. This leads to an action for the Hubbard-Stratonovich fields Q and ∆ iS = − πν 8τ
where G is the Bogoliubov-de Gennes Green's function. One then performs an expansion about the saddle-point solution for Q as well as a gradient expansion. One notes that the Tr Q 2 vanishes on the soft manifold Q 2 = 1 -where we must keep in mind that the unit matrix must have the proper analyticity structure -indicating that such modes are massless. The result of these expansions along with the non-linear constraint gives the KNLσM
Our system
We employ a slightly modified NLSM which includes coupling to a thermal bath
where D = v f τ 2 imp /2 is the diffusion constant, ν = ν ↑ + ν ↓ is the total electronic density of states at the Fermi surface, and λ is the strength of the BCS type coupling. Tr in the above indicates a trace over all indices: both matrix and spacetime. The notationX indicates a matrix in Nambu and Keldysh spaces. The matrixQ, describing the soft electronic degrees of freedom, is a function of position r and two time coordinates t, t and is subject to the non-linear constraintQ 2 =1. The photon field A couples to the model through the covariant derivativê
where we have absorbed the paramagnetic coupling strength into the definition of the A field. All matrices in the model are 4 × 4 in the product of Keldysh and Nambu spaces. In what follows we employ the conventions used in Ref. 29 . ExplicitlyQ
where the index α runs over (cl, q) and γ cl = σ 0 and γ q = σ 1 are matrices in Keldysh space. We model inelastic relaxation through a linear coupling to a bathQ rel with temperature T [9] . This is equivalent to the relaxation (1/τ ) approximation in the kinetic equation. In particular γ = 1 τin is the inelastic scattering rate. The saddlepoint equations of Eq. (A.19) for ∆ * q andQ respectively correspond to the BCS gap equation and the Usadel equation [27] for the quasiclassical Green's functionQ. In the absence of the cavity photon field this describes the superconducting state of the electronic system without the cavity. Our strategy will be to obtain the lowest order in A correction to the action which is linear in ∆ * q . This corresponds to the lowest order correction to the gap equation.
In the absence of A the saddle point ofQ iŝ
where we have assumed ∆ cl to be homogenous and real. Assuming a homogeneous, steady state solutionQ sp (t − t ) we may Fourier transform to obtain
At the saddle pointQ will have the structureQ
as governed by fluctuation-dissipation.
Gaussian Fluctuations
Gaussian fluctuations about the saddle point can be parametrizeď that couple to the vector potential, but because we are obtaining here the kinetic effects we focus specifically on the diffuson contributionW (r, t, t ) = 0 d cl (r, t, t ) d q (r, t, t ) 0
We now expand Eq. (A. 19) to quadratic order in the diffuson fields d. Doing so we generate three types of terms. The simplest is the quadratic diffuson action
with the diffuson propagator
At linear order we then have a coupling between diffusons and the gap
Finally, there is a coupling of the diffusons to the photon field
TheΓ α are matrices in the photon Keldysh space determined by the structure of the saddlepoint solution which arise from expanding to covariant derivative term in Eq. (A. 19) to lowest order in the diffusion fields. The coupling between the diffusons and photons may be removed by making a shift of the diffuson fields
This shift has two effects. The first is to create a nonlinear term in the photon action, which we will ignore as we are not considering non-linear effects. The second is that a coupling between photons and ∆ * q is induced from the shift in the term iS ∆−d . If we denote the shifts in the d modes as
then the induced coupling is
At this point we may safely integrate out the d modes and henceforth ignore them. [36] Making the definition
where P j enforces that component j is in plane, we can write the photon action as
Integrating out a we obtain
Tr ln 1 − πνD∆ * qŜΠ (A. 36) or to linear order in ∆ *
We assume the photon modes to be governed by a density matrix which is diagonal in energy. The photon Green's function can then be written in the usual form
Gap Equation
As mentioned previously, the BCS gap equation is the saddlepoint equation of our action with respect to the source field ∆ * q . Including the correction term Eq. (A.37) the gap equation then becomes
(A.39)
We therefore define
Which allows us to write the gap equation as F BCS = −F phot .
Effective photonic spectral function
Let us define
This function encapsulates the structure of the photonic part of the theory.
To lowest order in τ in = 1/γ, which corresponds to taking a linearized expansion of the collision integral in the deviation of the occupation function from Fermi-Dirac, and using the fact that J(ω) is an even function of ω we can write F phot = F rec + F scatter with the recombination contribution
and scattering contribution
43) The function J(ω) can be can be calculated by relating the field A to the cavity mode operators a,ā. For our model we take the cavity mode Keldysh action to be given by
where D −1 R = ω − ω q + iκ to describe a cavity coupled to the environment. [37] Using the fact that we can expression A in terms of a andā (in Gaussian units) as
we can relate the correlators S and D. After some calculation we therefore find
With the explicit form of D R and symmetry of ω q = ω −q this becomes
Now with the explicit forms of i from the main text We will, however, introduce a factor 1/X into G which describes enhancement of the electron-photon coupling due to e.g. squeezing of mode volume, one factor of 1/ √ X coming from the enhancement of each vertex. In principle this enhancement should come from a detailed study of the structure of the photon modes. However, this physics is not captures within our simple parallel plate model and so we include the coupling enhancement phenomenonlogically via the factor X G eff (w, k) = 1 X G(w, k). determines the strength of the effect. The factor α comes from reinstating the electron charge in the paramagnetic coupling which we had previously absorbed into the A field, and and in are respectively the mean free path and inelastic scattering length in = v f /γ. The correction terms can be rewritten, e.g., 
